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Stochastic thermodynamics and
optimal transport



» Extension of traditional thermodynamics for small systems (e.g., nanoscale heat engines,
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» Extension of traditional thermodynamics for small systems (e.g., nanoscale heat engines,
molecular motors, etc.)
O Thermodynamic quantities (e.g., energy, heat, and work) become stochastic
O Incorporating other scientific fields (e.g., information theory, differential geometry, resource theory,
optimal transport theory)

Nat. Phys. 12, 1134 (2016) Physics 8, 114 (2015)



Optimal transport

Kantorovich formulation

Optimal transport cost with respect to a cost function ¢(z,y) : R x R? = Rsq:
K(p*,p®) =min f c(z,y)m(z,y) dedy
™

7 :R4xR% > Ryq: joint probability distribution function of p# and p®

cost ¢(z,y)

—

amount 7(x,y)dx dy



Wasserstein distances

L*-Wasserstein distance

Optimal transport cost with respect to a cost function ¢(x,y) = |z — y||*:

Wa(p*,p%)" =min [ o - y|°m(a,y) dudy

|- |: Euclidean norm
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Wasserstein distances

L*-Wasserstein distance

Optimal transport cost with respect to a cost function ¢(x,y) = |z — y||*:

Wa(p*,p%)" =min [ o - y|°m(a,y) dudy

|- |: Euclidean norm

» W, is a distance (satisfying the triangle inequality) for oo > 1
» Wy 2 W, forany o’ >a>1

» W1 and Wy are of interest



Thermodynamics of continuous-variable optimal transport

Benamou—Brenier formula [Numer. Math. (2000)]

-
Wa(p*,p™)2 =min [ [ Juu(@)|pi(e) dudt
Vi 0 R4
velocity field {v; }o<t< satisfies the continuity equation

(@) + V- [0 (@)pe(2)] = 0, po() = p (2), pr(x) = p®(x)
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Thermodynamics of continuous-variable optimal transport

Benamou—Brenier formula [Numer. Math. (2000)]

-
Wa(p*,p™)2 =min [ [ Juu(@)|pi(e) dudt
Vi 0 R4
velocity field {v; }o<t< satisfies the continuity equation

(@) + V- [0 (@)pe(2)] = 0, po() = p (2), pr(x) = p®(x)

» For overdamped Fokker—Planck dynamics, v;(x) = Fy(z) - DV Inp;(x) and entropy production
reads

]_ T
5, = 5[0 @) P () da dt

» L2-Wasserstein distance in terms of entropy production

WQ(pAva) = Hll:‘in V DTZT



Essential implications of Benamou—Brenier formula

» Thermodynamic speed limit for overdamped Langevin dynamics [Aurell et al., JSP (2012)]

. Wa(po,p-)
D (o)

T

(o), =77'3,: time-average entropy production
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Essential implications of Benamou—Brenier formula

» Thermodynamic speed limit for overdamped Langevin dynamics [Aurell et al., JSP (2012)]

-5 Walpo.pr)
Do),
(o), =77'3,: time-average entropy production
> Finite-time Landauer principle: Heat dissipation needed for erasing a bit within a finite time 7
Wa(po, pr)?
Dt

BQ >1n2+

O For 1D overdamped systems with double-well potentials and proper initial and final distributions,
Wa(po,pr)? = Var(z)/2. Thus, we obtain [Proesman et al., PRL (2020)]
Var(x)

>In2+ ———=
pQz1n2+ 2DT



Generalizations of Benamou-Brenier formula for discrete-state systems?

Classical discrete

<

p“‘ﬂ{l] — d:[ﬂpB

Wi (p4, pP)

Continuous

e/

p* — /\/\pB

W, (pA 0B ) Optimal transport cost Wy( o4, 0B )

Quantum

Thermodynamic cost




Discrete-state Markovian
dynamics




Markov jump processes

» Discrete-state system with IV states: p; = Wypy, Wy = [way(t)]

heat bath
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Markov jump processes

» Discrete-state system with IV states: p; = Wypy, Wy = [way(t)]

» Microscopically reversible: wg,,(t) > 0 whenever w,,(t) > 0

i
> Local detailed balance 6]
Wiy (T w
2z o %
Wy (1) ‘ Woy @
Szy(t): environmental entropy change associated with jump y - z y ®
> Irreversible entropy production rate heat bath
| gy (T)
o= == Ay (1) =y (t) ] In 222 >0
=502 5 Slan() - (] n 72

axy(t) = ww(t)py(t)
Jay(t) = azy (1) — ay(t)

. azy(t)
fay(t) =1n -0




Markov jump processes

» Discrete-state system with IV states: p; = Wypy, Wy = [way(t)]

» Microscopically reversible: wg,,(t) > 0 whenever w,,(t) > 0

9
> Local detailed balance 6]
Wiy (T w
In 210 = Say(t) y (6)
Wy (1) ‘ Way
Szy(t): environmental entropy change associated with jump y - z ®
> Irreversible entropy production rate heat bath
| gy (T)
op === Agy (1) = Gy ()] In =22 >0
= Sim g Sl () (O] T
> Dynamical activity A, := [ a; dt quantifies the total number of  auy(t) = way (t)py ()
jumps 5 Jay(t) = aay (L) = aya (1)
ai = awy(t) a (t)
zy fuy (£) = In =2



Dynamical state mobility

» Onsager kinetic coefficients at the transition level
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Dynamical state mobility

» Onsager kinetic coefficients at the transition level

awy(t) B ayw(t) _ ]wy(t)
Inag,(t) -Inay,(t) fuy,(t)

Mgy (t) =

O {may(t)} characterize the responses of the probability currents against the thermodynamic forces

O oy (t)ays(t) < May(t) < [azy(t) + aya(t)]/2

Linear response regime Nonlinear regime
Ju = 2y pay Fy Jay(t) = May(t) fay (1)
0= JoFo = Y0y bayFuFy || 06 = X0y May(t) fay (1)

» Dynamical state mobility

My =y Mgy (t)

>y

O Kinetic cost M, = fOT mydt =71 (m)_
10



Dynamical state mobility

> Analogy between the dynamical state mobility and macroscopic mobility

Microscopic level Macroscopic level
jxy = mmyf’ry J=pF
Einstein-like relation |f,,| <1 || Einstein relation |F| < 1

May = (Aay + ya) /2 p=pBD
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Dynamical state mobility

> Analogy between the dynamical state mobility and macroscopic mobility

Microscopic level Macroscopic level
ja:y = mmyf’ry J=pF
Einstein-like relation |f,,| <1 || Einstein relation |F| < 1

May = (Azy + Ayz)[2 p=pBD

» In general, my <ay/2 or M, < A, /2
» In the continuous-state limit, m; — a;/2 = D(Az)~2
> Improved thermodynamic uncertainty relation [Gingrich et al., PRL (2016)]

Jy @ » %
<np—=—< =
Var[J] 2 2

n=2M,[A; <1

11



Thermodynamics of discrete
optimal transport




Wasserstein distance based on connectivity of Markov jump processes

» G(V, E): graph characterizing topology of Markov jump process Graph G(V, E)

O V: set of states
O (z,y) € E if jump between z and y is allowed
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» G(V, E): graph characterizing topology of Markov jump process Graph G(V, E)

O V: set of states
O (z,y) € E if jump between z and y is allowed

» Shortest path distances {d,,} of graph G

» L'-Wasserstein distance [arXiv:1803.00567; Dechant, JPA (2022)]
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Wasserstein distance based on connectivity of Markov jump processes

» G(V, E): graph characterizing topology of Markov jump process Graph G(V, E)

O V: set of states
O (z,y) € E if jump between z and y is allowed

» Shortest path distances {d,,} of graph G

» L'-Wasserstein distance [arXiv:1803.00567; Dechant, JPA (2022)]

A By ._ .
Wi (p®,p7) = ﬂnr(r;g}p[;)%dwmy

» In the case of full connectivity (i.e., dy, =1 for any z # y), Shortest-path distances {dzy}

1
Wip?,p%) = 5 Xl -7 | = T p")

0|12 (3|2

1|0 1]2]|1

> In general, Wi (p?,p®) > T(p*,p®) ol1lo0l1la

12



Thermodynamic interpretation of discrete Wasserstein distances

Theorem 1

The Wasserstein distance based on a topology G(V, E) can be written in variational forms as
Wi p") = min [ /e d
- Hvlvi?\/m
the minimum is taken over all transition rate matrices {W, }o<i<- Which satisfy the master

equation with the boundary conditions py = p* and p, = p? and induce subgraphs of G(V, E)
for all times

13
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Thermodynamic interpretation of discrete Wasserstein distances

Theorem 1

The Wasserstein distance based on a topology G(V, E) can be written in variational forms as
Wi p") = min [ /e d
- Hvlvi?\/m
the minimum is taken over all transition rate matrices {W, }o<i<- Which satisfy the master

equation with the boundary conditions py = p* and p, = p? and induce subgraphs of G(V, E)
for all times

Proof:

[step 1] Prove that W, (p?,p®) < [OT Jormyg dt < /2 M holds for all admissible Markovian
dynamics that transform p? into p®

[step 2] Construct a specific process that attains the equality

13



Remarks of Theorem 1

» Analogous thermodynamic properties with the continuous L2-Wasserstein distance
W) = min VDTS, | Wa(p*,p") = min /D7 |
t t

D = (m)_ plays the same role as the diffusion coefficient D
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Remarks of Theorem 1

» Analogous thermodynamic properties with the continuous L2-Wasserstein distance
W) = min VDTS, | Wa(p*,p") = min /D7 |
t t

D :=(m)_ plays the same role as the diffusion coefficient D

O Bound on entropy production: ¥, > Wi (p®, p®)?/(Dr)
O Minimum entropy production:
A B\2
min ¥, - 2P7P7)
(m),.=D Dt

Achieved with conservative forces
» Tradeoff between irreversibility and state mobility: ¥ M, > Wi (po, pr)?

O Either the thermodynamic or kinetic cost must be sacrificed to achieve a feasible state
transformation

14
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Remarks of Theorem 1

» Theorem 1 immediately derives

Wi p”) =min [ 5 1y (0] dt

>y

O For one-dimensional nearest-neighbor topology (i.e., jump between = and y is admitted if and only
if |t —y|=1), dsy = |z —y| and

£ N-1
Wi p™) = min [ oo (0] dt
Wi 0 z=1
O Taking the continuum limit yields
Wip*p®) =min [ [ |ji(@) dvdt
je Jo JR

Providing a unified generalization of the Benamou—Brenier formula for the L'-Wasserstein distance

15



Markovian open quantum dynamics

> Discrete-state dynamics obeying Lindblad equation
i = Li(er) = =il Hy. 1] + 1. D[ Le(®) o M= 5=

a ] "

M

T

16



Markovian open quantum dynamics

> Discrete-state dynamics obeying Lindblad equation
b = Lu(0r) = ~i[Hy, 0] + £, DL (1)) rSECYAI.
» Local detailed balance Ly (t) = e3+(D/2 L, (1)t T i I
sk (t) = —sp/(t): entropy change in the environment h
T
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Entropy production, dynamical activity, and dynamical state mobility

> Irreversible entropy production
Y= ASsys + ASeny 20

ASgys = S(0-) — S(00): change in the von Neumann entropy
ASenv = [o S tr{Lk(t)gtLL(t)}sk(t) dt: environmental entropy production
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Entropy production, dynamical activity, and dynamical state mobility

> Irreversible entropy production
Y= ASsys + ASeny 20

ASgys = S(0-) — S(00): change in the von Neumann entropy
ASenv = [o S tr{Lk(t)gtLL(t)}sk(t) dt: environmental entropy production

> Dynamical activity A, = [ 3 tr{Lk(t)gtLL(t)}dt
> Dynamical state mobility

me= g SO L Loy (PULOT)

(X, V) =tr{XTY}

PulX] =X = 2, (we| Xlae) [ N

H¢H9(X) — 6—0/2 ]01 eeud)uXd)l—u du

0t = 20 D (t) |z {2¢]: spectral decomposition of the density matrix o;

17



Quantum Wasserstein distance

> Naive quantum extension

Wq(QAa QB) = min tr{CgAB}

0ABell(04,0")

(0%, 0P): set of density matrices o7 satisfying trp 047 = o and try p*? = oP
C': cost matrix that must be properly chosen to guarantee that W, is a distance
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Quantum Wasserstein distance

> Naive quantum extension

Wq(QAa QB) = min tr{CgAB}

oA Bell(0”,0")
(0%, 0P): set of density matrices o7 satisfying trp 047 = o and try p*? = oP
C': cost matrix that must be properly chosen to guarantee that W, is a distance

» Trace distance T (0%, 0P) = |0® - 07 ]1/2 cannot be expressed for any choice of C
[arXiv:1803.02673]
» W, (00, 0-) >0 even for unitary dynamics o, = UooUT with zero entropy production

O Relating dissipation to the optimal transport distances defined in the naive form is impossible

18



Quantum Wasserstein distance

> Considering dissipative structure of Lindblad dynamics, we define
1 .
Wale",0") = min [Vo'VT- 0P,
2vitv=a

the minimum is over all possible unitaries V'
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Quantum Wasserstein distance

> Considering dissipative structure of Lindblad dynamics, we define
Wale" %) =5 min [Vo'Vi-o"|,

the minimum is over all possible unitaries V'

O Analytical expression
A By 1 A B A B
Wa(e®,0") = 5 Xlpz =pa | =T(®",p")
x

{p2} and {pZ}: increasing eigenvalues of o and ¢”, respectively

19



Thermodynamic interpretation of quantum Wasserstein distance

Theorem 2

The quantum Wasserstein distance can be written in the following variational form:
T
A B :
Wy (0, 07) = n%lnfo Joymy dt
t
= nzin\/ETMT
t

the minimum is taken over all super-operators {L; }o<t<- that satisfy the Lindblad master
equation with boundary conditions gy = o and o, = o®

20



Applications

» Thermodynamic speed limit: lower bound
on the operational time required for state
transformations

N Wi (po, pr) N Wi (po,pr)
- (vom), o), (m),

P
00 How fast?

Or
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Applications

» Thermodynamic speed limit: lower bound * Finite-time Landauer principle: lower

on the operational time required for state bound on heat dissipation required for erasing
transformations information
Wi (po, pr)*
>-TASgyg+ —7——
. Wilpo,pr) . Wi(po,p-) v T rB(m),
(vom), (o) (m),
U1
N—>r |0>

L o ¥ /</'
00 How fast?

Un

21



Numerical demonstration

Pareto-optimal protocol in information erasure of qubit

Fal{er, 03] = AQ - (1 - N F(er, 0+)

(a)

Spin-1/2 qubit

2
ey

Nonoptimal

A L oo

. () 10 . @ 3 .
t— lg1-= tg2-- 7. Q— Qq1-- Qg2--
i il //’/ 2 L
. 5| et
.l <
) o0 £ g ) 0 el B
0 5 10 0 5 10 5 10
t t t
(f) 10 - (g) 3 .
t— tg1-- tg2-- 7 Q— Qq1-- Qq2--
L - 2l e
—/,// 5+
1+
L 0 ke ) o Mo
0 5 10 0 5 10 5 10
t t t

22



Summary

Continuous Classical discrete Quantum
Wasserstein distance Wo (a0 2 1) Wy W,
Th d e int tati ¢ Benamou-Brenier formula
ermooyﬁiinrzllctgfsrp;fta ton o Wa(p?,p?) = min /7D, Theorem 1 Theorem 2
P 3 Wi (p?, pP) < min\/7DX, Wl(pA,pB):min\/‘r(m)TE,. W,(0?, 0P) = min\/7 (m), =,
A B\2 A B2 A B2
Minimum dissipation minY, = —W2(p P”) min ¥, = 7)/\}1(1] 1P”) min X, = Wale",e7)
7D (m),=D 7D (m),=D 7D
W. A’ B A B A B
Thermodynamic speed limit > M > M > M
D(o), (m), (o), (m), (o),
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